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1
.

Motivation
mm

As the token physicist at this school

I thought the best

thing
I could bring

to thetable is some description of the
.

physical background and intuition that

Red a small community of string theorists

to the study of Higgs bundles and Hitchin

Systems in their attempt to understand a

Collection of 4 - dimensional Quantum Field
Theories

known
as

"
class S theories

.

"

I will mostly be describing a

point of view developed with .

-DavideGai otto k
,AndyNeitzke

in a series ofsixpapers we wrote

between 2008 and 2012 . Of

Course
,

there are many
other

groups
with related but different viewpoints,

including work done here in Hamburg by
Jorge Teschner and his group .



Some Suggested Sources
mum

String theory ,
M - theory and Branes

I
. Joe Polchinski

, String Theory ,
vols

. 1+2

2
.

C
.

Johnson
, D- Bnane Primer hep .

th 10007170

3
.

C
.

Johnson
,

D - Branes
, Cambridge ,

22003

G. Moore
"

What is abnane ?
"

- Notices AMS

G. Moore
"

D- branes 101
"

- ITP Lectures

1998

Review of GMN : Moore " 2012 Felix Klein

Notes le
,

videos of 10 lectures :
Talk 47 on homepage

Four
- Diml N=2 Fieldtheony } Physical Mathena 's 1211

.
2331

Neitzke short reviews : Hitchin Systems . . . 1412.7120

Cluster .

like coordinates
. .

. . PNAS

N - 2
d=4

Field Theories : Y
.

Tachi Kawa
,

N=2 Supersymmetni Dynamics For Pedestrians
1312.2684

These notes :

www. physics . rutgers .edu/vgmoore/ talk ¥84



More specifically ,

the goal will be to

explain some of the physical background

to The construction of spgctralnetwor

Let C be a Riemann surface and consider

a branched cover :

#:[
→ C E cT* C

we can give a local foliation of Cbycohousing
a phase EH and a

pair of branches and writing
< of

, ti - tj > =
till

A = tangent vector along paths in

the foliation
hit ;

 
= Restriction of Linville

form t on Ttc to brandes ij
Near a simple branch point



jithe foliation looks

likei#*
At punctures if has a singularity and the

Punctures serve as a
.

basin of attraction
.

•
By following the 3 trajectories out

of each branch point and applying
some local mules when paths collide

we

generate a graph .

This graph is the spectral
network We

BPS invariants : Integer - valued

tinctionsOn certain ( charge ) lattices - often related to

K - theory lattices
.

They are closely related to DT invariants



At special angles Wu* this graph
Contains finite WKB Curves

-

.

'

¥¥k @O
÷±¥*m

0

These lift to closed comes on [ and

Correspond to BPS states of the 4D

Class S theory associated to C
.

Counting such states we get
"

BPS invariants
"

Bps inuts are 2- valued functions
on

'

( change )
lattices - these lattices are often K

. theory
ladies

. They are closely related to

DT invariants



So spectral networks actually give
'

an

algorithm for computing these BPS inuts
.

Moreover
, they allow us

to define

local halomaphic sympleclic coordinates

on Hitchin moduli space .

A natural set of halomophic functions

is defied by

trr@×p§A )
A - flat Gc,

connection on E → C

p - closed path in C
R - f. d. rep of G¢

Viewing Hitchin  moduli
space in complex stvetne

SEE 't
as a character variety :

=) Expansion ( "
Darbwx expansion

" )

Trr@xpfopA7pEICR.p,

8,5
)Y ,



Here A- ( R ,p ,
8) is another kind

Of integer - valued BPS counting function

related to
" framed BPS states

,

"

Yy = Monomials in the SN coordinates

Yrifr .=e 'T "hYn+r
.

Relating to Hitchin system

it  .  Iq + At 55

FCA ) + ( y ,§]=o etc .

Yy well - suited to S→o asymptotic
and indeed there is a close

relation between SN 's and Stokes
'

rays.



2
. Dp Branes & YMH

murmur

Type # string theory is a physical theory
of stings moving

in 10 - dime spacetime .

At low energies
it is described by a

10 - dine supergravity field theory
( + A series of corrections by massive fields )

The equations of motion admit salitouic

objects called brakes
,

which have their own

dynamical
" internal "

degrees of freedom
.

In their
supersymmetric ground state in

10 - dinl Min Kowski
space p - branes

span hyperplanes ,wLoG@xs.r.x
')eM"

9

XP"= xo . . . . ×9=Xo

nxpt ' '
'

'

'

'
9

y
wavelike excitations+f→

A "P

JIFConsistencylaI↳



The wavelike excitations are described

by a (10+1) - diml field theory - just

like we might describe the height
of water waves in the ocean by a

2+1 dime field theory of a real scalar

field ( the height of the water waves )
.

For Dp .

bmnesthefield theory is the
, ,%nil reduction of IOD UN ) SYM

N= 1 :

"

single brane "

N > 1 :

"

Stack of branes
"

( for reasons explained below )

What is IOD SYM ?
.

Choose a compact Lie
group

G
.

IOD G- SYM is a field theory
defined on smooth

,
oriented

, spin ,

Lorentz ian 10 - manifolds ¥
,o



To define The fields are introduce a

principal G-

bundleI
,o

Then the bosonic fields are just
A Connection on P so locally

D=dt A A= Amdxm Amebf
The femionic fields ( "

gauginos
"

)
are

ye p(Stead )
St = real rank 16 chiral spin bundle

As a
quantum ( Low

Energy Effective ) theory
if I

,o= pkixg then we have
a

7h - graded Hilbert space

H(zd=k%€
,

)oTe' At )



and a Collection of Susy operators

Q (E) odd Hemitian operators
depending linearly an

E E Cov
. Constpu a P(S+ )

Part of
Susy algebra ( Q(e) } ~ H

field { Ace ) ,h } = Time Funmultiplet:

-

eliffadmult
.

of curvature

by e
.

D¥ a.) A super symmetric ground state

is a solution of QCE ) NI > - o

for some E
.

"
Number of preserved Susy

's "

is the R - dimension  of space of such E's .

b.) A supersymmetric classical field

Configuration is a

gauge
field £€

{ Qa,X}=ofor some E .



Relation between these notions :

O - < ¥10.,x} lot >

= < III ME Fun IE >

Here Fun is an operator in QFT
.

Bout there is a notion of a
" coherent state

"

Useful in semiclassical analysis where

< IIFWIUI ) × pundassical

Now the equation :

Fe Tnnefnndass = o

is an interesting PDE on T
.

:

For example : In 4d

;
if E is chiral

8M£ Fµ=o < ⇒ ¥+*F=oASD equations



Returning to our Dp -

braue located at

×Pt 's " ' 19
 =  0

the Low
energy

field theory is the

diedreduction

of IOD UCN ) SYM

restricted to the world volume Wp+FM" P

"

Dimensional reduction
"

means :

Truncate to field configurations translation

in variant in normal directions %-p+ , ,
. . .

,
dfxq

An → Am Aa
in - -

14=0
,

-
- - ,9 peso ,

.
. . ,p a =pit,

. .
- 9

. N×N Hermitian
scalar fields

on Wptl
And they are only functions of x9

"

it ?

An ( xo
,

- -
-

,
xp )

,
A ( xo

,
. .

.

,
xp )

a



In more general space
times

Wp+
, six .

There are supersymmety conditions on

the embedding z and low
energy

excitations

are described by a SUSY field theory
Consisting of

1
.

G - connection  on

P→Wp+
,

2. Section of normal bundle W

X E T (Wµ, ,
WOADP )

3
.

he r(§Fw)OSCMTOADP )
4

. Susy param
's : EE PKSFW)OSCNDT ]

Notes Spin ¢-

p ) symmetry of

rotations in normal directions becomes

Structure
group of normal bundle and acts

as an

"

R -

symmetry
" of the CPH ) - dime

Susy gauge theory .



Note that X.
,

I involve sections

of the normal bundle in their deft .

To write down kinetic terms or

Super symmetric
variations we must choose

a connection PR on W
.

It is

called an
"

R - symmetry

"

connection
"

because the Spine.

p ) structure group
of N

plays the role of an

"
R - symmetry

"
in

The $+1 ) -
dime world volume theory .

( An
"

R . symmetry
"

is just a global
Symmetry that does not commute with

the supercharges . )
If there is to be unbroken

Susy ,

ie
.

Of Cov
.

Const
. spinors E are to

Exist then we must have a reduction

of structure
goys of TWp+ ,

and W and

an isomorphism between sub
-

bundles
so that under this isomorphism



we have

plc ± TR
-

Conn.  onTWp+ ,

This is a ( partial ) topological
twisting condition

.

In general it

only guarantees that some components
of Tq are Q - exact

.

In particular note that the

normal bundle
"

scalars "

XE r(Woadp )
will

pick up some tensors 'd properties
on Mph :

They are no longer
Scalars

.



3
.

Geometnization of the Higgs Mechanism
mi

Let us return to #
.

= M
"

and Wp+ ,
= M "P embedded linearly .

Let us also consider N=1
,

a single
bra

:then Aa enter the Lagrangian with

no potential energy
: both classically

and
quantum

-

mechanically they can take

a

v. A.)
Now

, Properly speaking

Xa= tae
is the section of the normal bundle

and ls is the string length .



The interpretation of

#a ) = xa a=p+i ,
. . . ,q

is clear : It is the position of

the tonne in the normal space

M "P= Wp+ ,

�1� W

Indeed $ = fdp's'

... +@xa ) ?
...

and Xa is the Goldstone boson

for broken translation invariance
.

What about N >1

Now

UCN
) ¥

su(N
) to a ( l )

and the uci ) measures the
Center of Mass

×a
.

c *.
> . (⇒ a

Again Xa measures the position of
the brune with N >1 .



But now we can notice something
Curious :

The bosonic Part of the action

Is:(
I am not careful about some factors of 2) :

skis g÷e] fd '

: Tr Fn

FMM
Mz

1M$Drina:%:ie

÷ a

fdptdtfrrfmtlslbxattlsskxd
}

WptXa= qXa+[An Xa ]Itthe Yla are sumultaneously
diagonal izuble and constant along
Wp ,

we still have
vanishing energy

!



So
,

in the SYM on Wp+ , we

san:*.ec#iiEIwM< ×
.

>

with XD '
not

necessarily = Xli"

and these are classically Zero

energy .

Using the super symmetry
we can

show this family of exae 't ground states

persists in the
quantum theory .

Note that since Xa transforms

by conjugation under UCN ) gauge transformations



for

get
xD" the symmetry

is spontaneously broken

U ( N ) → m ( l ) to - -
- - on ( l )

UCN ) → uqN

There is a very striking D- brune

interpretation of these vacua

( Witten
, hep -

th 19510135 )

We note that parallel branes in

M " '

preserve
the same amount of Susy :

N=1 N= 1

Nah1

I

< xa
"

> Kaas Kay
The same Cov

. const . E works for all
.



We interpret the
Susy vacuum of

the UH ) theory on

'Wp+ ,
with

t.IE:5#Hii.I?*I
That's

why we refer to N > I as a

"
Stack of  D- branes

.

"

Redman: Note that the normalizer of T
,

NCT ) preserves
the diagonal condition

and

1→T→Nf ) → SN → I

This SN can be interpreted as permuting
the branes

.



2- ) The positions in space in the transverse

directions are only well . defied in the vacuum
.

The Xa are really quantum fields
.

This

is highly suggested of some Kind of

"

non commutative geometry .

"

Exercise : Decompose the off - diagonal
gauge

fields as

Am II. ariieij
and show that Aris has a mass

Mtuiij=E4E@'xi }

Remand This has a beautiful
brane

interpretation :



\¥→fstring

< xiii > Kii 's

• The fundamental string carries tension lst
So a string stretched between the

ith and jth tonnes has energy :

es
'

F-2a@txd ' }

• There one
,

in fact ,
no quantum

connections

to this formula because it is an

example of a
"

BPS state
.

"

• The fundamental string is also a
brane

.

It is a throne
.

Note that branes

Can end on branes
.



• The moduli space of supersymmetric
vacva

Mcadams =

Sym ( Rlttot )
t = Cartan sub algebra of UCN )

is called the " Coulomb brands "
because

,

at a

generic point ,
the

gauge symmetry
is

spontaneously broken to an abelian
gauge symmetry and the force law

for Abelian Maxwell theory between two

Stationary electric changes is known as

"
Coulomb 's law

.

"

In class $
,

the analogous Coulomb

branch of vacua will be the base of

the Hitchin fibration
.



4
.

134 In TYC : Hitchin Systems
run

Now Consider IA in IOD spacetime :

1,2 3

10 = M
'

x T*C × Ras ,a

C = Riemann surface with

metricC possibly with punctures )

product metric : Mink +0 HK to Eucl .
 ⇒

Some Susy preserved .

NDY 's located @ . zero section of T*C
• £2,8 ,q

= 0

So Nf = M "2× C

The normal bundle splits naturally

W( Wsu -X
,

. ) = Wz ON
,

W<=N(CuT*C ) Ns ± Piss;
So We indeed have a reduction of

Structure group :



Spin 5 → Spin 2x Spin 3

Moreover on 3€
, .o

There is an

8 - dim 'l
space of covariant ly constant

Spin .rs since T*C
, regarded as a

HK manifold has two covaiantly constant

Spinors for a rank 4 spin Bundle - that is
,

We Preserve half the super symmetries.
.

The other factors are flat so we preserve

Yz of the original 16 super symmetries

for 8 super symmetries .

I His case the HK structure on

T*C gibes us the desired identification

TR = plc
on on

Nz TC

leading to a partial topological
twisting .



We expect tee theory to be

•

Independent
of Kohler structure

of C

•

Dependent
on complex structure on C

There is again a moduli
space of

Vacua of the 5D SYM on

Ws - A "2×C

and The super symmetry equations are

the Hitchin equations for UCN ) on C :

Ft $,¢]=o

Ja ¢ = o

$ is part of the normal bundleScalars
.

We are choosing coordinates



Mir × T*C x Pins
.q

- -

×M=:
→C DT×4÷

s*i→
-

×4ti5 = local holomonphic cook
.

in fiber

of

Teotito
local halo m orphic Coard

. along C

[ we left out x ? The reason is that this

choice of labeling facilitates the
comparison with

the M - theory description . ]

Then -¢= X4+isd×6t'is a ( 1,0 ) . form on C valued in adp

while Xzqq remain Scalars
.



The
supersymmetry equations are then

really just the ASD instauton equations

an Ttc reduced along the fibers -

This was essentially Hitchins '

original
point of view !

Inany case
,

we claim there is a

Moduli
Space of Poin(M" 2) - invariant

Vacua in the
quantum theory which is

precisely Hitchin moduli
space MH

.

Now
,

what is the
very

low
energy

dynamics of this theory

?
•

EE.TT?IaEIIIIeFEi::I#



Note that we can take

area (C) → 0 to get a 3D field

theory .

Our moduli
space of vacua is independent

Of the Kahler class of C and is hence
Unaffected

.

In our case we therefore have
a 3D

nonlinear sigma
model of maps

y : M
" 2

→ MH

It has 8 unbroken supersymmetries.

General theorems tell us the target

Space must have a HK structure
,

and MH indeed carries a HK structure
.

In fact
,

it has a t parameter family
parametrized by gs .



( Digression : There is a generalization
of this discussion where

TtC-GOLz-CLi@LzEKccfieTCEndEoL.D
,

L ; carry Hem

.me/nicsw.r.t
.

canonical Connection

J⇐¢;=o
also [&

,
,

19 ] to

also Ft k¥01, ]that ,¢ . ]=o .

This leads to N= 1 teeonies in 4D

and there is a small Community
working on these equations .

see :

Yonekura
,

1310.7943 section 2.3

and ref 's therein for further details
. )



5. M - Theorymm

To
go

further we need to use some

more ideas about string theory .

M -

Theory = hypothetical quantum theory
in 10 AID 11 - dimensional

Space times with 32
supercharges in

the M "6
Vacuum

.

LEET : IID
sugra has field's

gm.ve Metfx
" )4ep$aT5€,

)

G est 't" ) ( really#kwd¥,) )"€wa⇐I←*⇒Tf¥s

Y . theory has branes with
pa 2,5



(A)
145 with wv .

W5× Stp

# D4 with wv W5

(B)142 with wv .

W2× Sk
# Fund

. string with w* W2

Match tensions :

R
a

:-.
= g÷e;

* " retieslpe

⇒ lpi =gsls3 ,
R = gsls

Side

Rem= : Note that if gs→a at

fixed ls then R → is

.
Thissuggests

that the 10 - dimensional string theoryat strong coupling is in fact an H - dink

theory .

/



The LEET on 142,145 branes is

NOT just SYM ! It is more subtle
.

Again we can distinguish a singlebrome

( "

N=l
" ) from mighty.waded branes ( " Mi ' )

.

For N - 1 we can unite explicit field

representations and Lagrangian

.
For N= I M5 on Wg

-D€
,

We can describe the world volume
"

theory in terms of a six - dimensional
tensor multiplet "

:

XE P ( N ) N=rank 5 normal
bundle

in :WcD€
,

Again these describe motion of the

bnane in transverse directions
.

However
,

instead of the Maxwell

gauge field we have a gerbe connection
.



It has a

"

fieldstrength
"

or

"

curvature
"

Her ;,÷
3- forms with integral periods .

Note =) dH=o

so locally H=dB but B is

Only locally defined

.
(analog of Maxwell ann .

A )

T Really the isomorphism class of the

gerbe connection is an element of

Dehjne - Cheeger - Simons differential

cohomology #3# ) -1

In addition
,

in 6- dimensions with

Lorentz 'an metric * : R3(Ws)→R3(Ws)
is

an involution so we can impose

H=*H



So our classical equations
of motion

AH  = o { H=*H

In the tensormultjlet we also have

fermions ( analog of gauging )

YeTfsctwoskr
-

As an illustration of what is

meant by

M5/w.xs,kI DYMS

let's just consider the KK

reduction of the self . dual 3- form
.

When Wo = msxsk
we can Fourier

- decompose our

fields in the circle coordinate 00+2 't



H ( x ; ... ,xYo)= E Hfx ; . . - iyeino
EZ

nto are massive modes ~ ÷t

We can decompose Ho as

#o = Fr dot *
,

( Fado )

- Endo +&fy¥ PIETY
Then DH

.

=° ←→

dF=o §d⇐F)==
These are the Maxwell equations

of the Ui ) D4 theory .



But  the

situation

for N 145 branes

is much more

subtle

-

i

It is believed that

?. ) At energies E << the the LEET

is not just an effective theory
but a

"
uv complete

"
GD quantum

field theory .

It is Known as the CQD UCN ) theory .

( see below for further remarks )
.

2.) When N > 1

,
just as for D- branes

This theory has a

"
Coulomb branch

"

corresponding to N parallel separated M5 's

fehneswmltflet

ee#*
.

Et! "
!*t*l

* ,



It is called a

" Coulomb branch "

because
,

in a sense
,

the
gauge algebra

of the tensor multiplet is UCI )
.

For example,
the analog of Wilson lines

are exp (atisxps )x.az#D.B~llgerbeConnection
" and there are

valued in UCI )
.

( Note that MZ ealson  astnignin WG
and these strings couple to gerbe Connections

. )

3
, ) In fact

,

when reduced along a

circle in the R→o limit

W6= Wsxsk

the ( 20 ) theory reduces to the

UN ) SYM on W5 .

The MZ - branes
reduce to fundamental strings and we

recover the previous D - brome picture
of the Coulomb branch

,
associated to

a stack of D4 branes
.



Remark (1) above amplified :

To define a

"
UV complete theory

"
-

that is
,

a completely consistent
quantum

field theory that is well . defied at

all distance scales and energies one

needs the existence of a

Cornforthfield theory.

.

It is Known ( "
Nahm 's theorem

"

) that
there is a limited list of superaufwmd
algebras .

If we take a supenconfomvl algebra
to be :

a.) A ruperolgebm of oy± sveh that

ly° > so ( d+2
, 2) to - - .

.

b. ) oyttransforms spinorially under ego
then we find that we must use special
isomorphism of Lie algebras defined by

Clifford algebras



these only exist in louw dimensions

and the largest dimension with a

suparcofomd algebra uses sod ) tidily
( rather so CGZ) tniality ) and hence is

in 6 spacetime dimensions
.



6
.

145 in T*C : Class $ Theories

-

We now consider the M - theory geometry

XT ,
= M

"3
x Ttc × a : 8,9

Again we take the obvious product metric

With the HK metric  on Ttc
.

The latter preserves only
2 out of 4 Susy

's

So of the original 32 Susy
's ( from

the real rank of the spin bundle ) only He

are preserved and we have 16 unbroken

suiy
Vow we put N Coincident 145 - branes

on M "3xC where C 4T*C as

the zero section and again Rzgq =O
.

The discussion at this point is very
similar to that for D4 :



The rank 5 normal bundle splits

WE Nz +0 N3

Nz - NCC- Ttc ) MIR :*
,

There is a reduction of structure
group

Spin 5 → Spin 2 x Spin 3

and the HK metric sets TRIPLE
so we have partial top twisting -

preserving 8 Susy 's
.

For certain quantities ( like the
geometry

of the
space of vacua ) the partial

topological twisting guarantees independence
from the killer structure of ¢

,

One might well wonder how we

Can
prove

that if me can't even write

fundamental field multiplet .
. -

.



The
response

of a QFT to a change
of metric org ,

is to insert

Sgrtr
into Correlation functions

.

The
response to a change in Koehler

structure of C

iEt

TZE

Now
,

we D= have a stress -

energy
multiplet with known

Susy
turns and

Tzz will be Q . exact under some

Unbroken
super symmetries.

Thus
,

we can consider taking the

limit
area ( C ) →0

.

The claim is
,

aside from
some

special low
.

genus cases
,

like C= QP
'



with no punctures,
the limit

exists and is

i

a well - defined

UV completeFIDIM.IN#NAL
QFT

. This is the definition of class

S theories
.

If we assume this physical picture
makes Sase are can then

go on to

deduce
many

nontrivial
pure

math statements
.

Many such statements have been independently

cheeked
.



Two

importantgeneralizations :

1.) UCN ) gauge group
can be generalized

to
any compact group

all of whose

roots have
equal length :

Actually : only Liedgeba is visible eg

2.) C can have punctures,
and at

the punctures we must insert boundary
Conditions

,
on

,

better real codimension 2

KBPS 4- did objects in the 6d(2,0 ) Theory

Data of class S theory :

• by : Lie algebra ,
all roots 22=2

• C : Riemann surface with punctures

•

D:data @ punctures

We 'll discuss D a bit more in Lecture 2
.



Now we consider the Coulomb branch of

nacua of the UCN ) class S theory
We split the N M5 's in the

normal direction and get a picture :

T
each sleet

*¥€÷m÷eeFjit¥

.

So we get an N - fold cover
.

But

because f- surpensymmety we should
have a smooth halo morphic come in T*C

,

So
,

we get a

bedcovetit :

I
→ C

,
E cT*C

An important new feature compared to

our previous example with 16 Susy 's is

that for a generic Point on the

Coulomb brand E is connected
.



The Coulomb branch B is the
space

of ncsmalizable deformations of T
.

A deformation is nomalizable if

fort NSJ a a

I
Exercise :

.

a.) Consider T= (2-3- 3 oiztu ) dz*2
.

corresponding to a Hitchin system on QP
'

with

one imeg . sing . point at z = a .
ShowthatA

is a non - normal izable parameter and U is a

normal izeble parameter so

UEB = @

b.) Consider
.

ta ( Est E÷+¥)dz•2
Corresponding to an ISP at zao , a

on QD
'

. Again A is non . normalize ble



And U is normalize He and B = A

G) Consider the case C= E- { o }
with

ii =(m2p(zk ) tu ) Cdz }
c-

, Maisenon - nomolizable
U is normal izable



7 Coulomb Brand of D= 4 ,N=2 Theory
Nme

€Fg?y¥a
Now we discuss some geuerdfactaboutd-4.NET

The LEET of He Coulomb branch

Of a d=4
,

N=2 theory includes a self . dual

AbelianMaxwell theory :

• T Read sympleatic

vector
space dima=2r

with

compatible
Comdex structure Tcu )

UEB = Coulomb branch
. ( ⇒ special Kahler )

Symplectict complex structure are Compatible ⇒
we get a

.

metric on T
,

and we require it to be > 0
.

• a c- s?( Mrs ;V )
dF=o § F= **§Ja , if

• A choice of maximal Lagrangian
decomposition T= LO Lt ⇒

Lagrangian description
C

x±
,

ix.
) = <

pt
,

pos
=oK ,

F>=5
I I

IF = I
,

-
- -

; ,
r



E- x±F±+*K±F± )

dF±=
0

Syrup .

st + Complex Str
.  t duality basis ⇒

t±⇒ : in Siegel upper half - hplane

$ = f Im¥+F±*FJ+Ret⇒F±FJ
µ

Magnetic monopoles k
, dyons ed V

has an underlying integral structure

V = T @ R

P = lattice with integral antisymmetric

pairing ( Dirac
pairing )

Now
,

when
describing

the KEET

on the Colomb branch of d=4N±2

Theory all of this is parametrized by
used



r

log;f§t BB* - divisor around

which there is monotonyB* CB =

In addition
,

N=2 Susy ⇒ there is an

extra piece of data : The N=2 central

charge
z , pm → Q

Z is linear on the fibers
Goodly )

When we choose a duality frame
{ at ,P± } for T we can define

Special coordinates : I -1
,

. . . ,r

at

=Z@±
) as

,±=z(p±
)

N =2 => Lagrangian condition :

Locally F F ad ,±
=

¥

Its  =

2¥
dat

datdat



So
,

we get a family of PPAV over B

of same dimension as B

Bosonic LEET :

Now promote at to fields onin
-

Conceptually : These describe a r .

model of

Maps At "3
→B and are can write a Lagrangian

for
maps into a coordinate patch with special

Coordinates
.

The
LEET  Is :

S = ¥fIm¥ , ( da±*daJ+FI*FJ ){
-

J
+ Fermions }- pretty Ftnr

( Note Into >o required for sensible

action
... )

Define Seiber .

Witten moduli space

M → D @
Ma = Fia ( Matz)p#



To
" solve for the vacuum structure

"

of an N=2
,

A 4 theory is to give
This data of a halo family of PPAV

With central change function .

Seiberg - Witten and much subsequent
Work found that - in all known cases -

there is a . holomophic familyof

Riemann surfaces Eu ←

am
coos

equipped with meromophic difflluouea
(

varying halomaphially aithu )
• T = Sub quotient of H ,([,Z )

• ZA ) = §yh re R

• Mu = Jacobian
or Prqm



We stress that at this point

female
?¥±¥zax¥

• There is no assertion that M

is a Hitchin moduli space .

In fact
,

it is quite likely that there are many
D= 4

,

N=2 Theories where M cannot

be described by Hitchin moduli
space .

@
All that the constraints of d=4,N=2

give us is a local

system
over a skmafld

Th 4THP has antisymmetric Z - pairing

uc ,

B*
and Z : T → Q N=2 central

charge function ⇒ MQ R/z#z

is a family of PPAV



8
. Recovering Seiberg - Witten Theory

mum

Now we consider the Abelian tensor

- multiplet theory on M " 3×2
.

If we take area (E) → o then

we first note that KK reduction of

the self -
dual gerbe connection gives us the

Structure of a self . dual Abelian gauge theory :

We have : dH=o and H  = * H

we set I Ll
'

(E) - hoemtonicms

( underlying integral Structure H ' ( E
, 2) EH

, ( E
,

Z )
Choose asymptotic basis { x±

,
p± }

for T and use KK :

IH=X±F+

*µ,s@Jlu)(×±FI
)

-
same data as F

.

So the LEET in IN "3 is that

of a self . dual abelian
gauge

field

for T with Complex structure inherited

from I
.



Similarly ,
there is an action for

the single 145 and it involves the

induced volume

Action =¥§g•5V¥tgw# + ' "

Fluctuations around a holomophic curve

my*t#€
are described by ( isfiigyt:p:dI°te)

S - So =

§y
,
.IM#d7datn*daJ

t . .

. .



Details of this computation can be found

in Gaiolto . Moore - Neitzke
,

0907
.

3987 sec 3.1-5

It is nice to check our identification of

Euwith the SW . curve and In with

the 8W - differential by looking at

"

BPS states
.

"

There are

many ways
to think of BPS

states
.

The charge lattice is ± H,fE,Z)=R
For a given charge yeth ( Eu

,
2 )

We consider the length . minimizing come

CQ ) C % and the area - minimizing
surface SgT*C so that

2Sy = ck )



For example ,
if we have 2 Cij )

branch points we might have

#*.÷*i ; by .

In M - theory the
quantization of the

moduli .

space of such 1g gives dike space
of BPS states of charge 8

.

The central change is

z = Swee Sjh = §
;



so we recover the SW formula for
the N=2 central charge

We conclude that

a Be = space
of normalizable deformations

of E

• EucT*C is the SW curve

• Restriction Nu of Linville form is the

SW differential
.

Note : We can make contact with the

Introductory remarks on spectral networks

The length minimizing condition

says

|fx ;;) = fhnijl
5°

{ 2€
, his ) has constant phase

but then



WLOG we can resale t so that

< 2£
,

Ii ; > =eH*
Now we see that we have

* Coinciding ij and ji come connectingbranch points

* Zy= § ; = Ed*Iz|
so the phase where finite WKB

networks occur are
,

indeed the same

as the phases at which the SN 's jump

discontinuously

Siderman : There are many different ways
of representing the space of BPS states

.

One

particularly nice
way ,

which is
very cleanly

defined mathematically ,
makes use of 4

Kernels of Dirac operators on moduli spaces
of magnetic monopoles.

See end of Lecture 2
.



9. Relation To Hitchin Moduli Space
mum

Now we wish to connect the D4 and 145

Stories using the principle

1451ms xsk →D4/ms
So

we modify the 14
' '3

in 3€ , above

to

Kristi
' 3

→ IM "2x Sk

74 ,

= In × Sk

#o= M "2×T*C× Phs
,

,

exactly as in our discussion of

D4 branes
.

1



Now from

by "2× Sk x T*C×Rk$
,

with area (C) →o we get the

LEET of the class S theory
compaetified on M " 2×81,2

.

But the compaetificalio . of the

theory

f Im¥(F¥FJtda±*daT)tRe¥FEFT
M "2×sk

gives a 3D HK a model with

Semi flat metric
.=÷

→ §y
,

,RIm¥+da±deT+pi(Im¥*dz±dzI

dZ±=d4m,± - Tetdolet



Details of Computation

÷.

Tosh × § metric ds ? dxmdqt R2@×g2

×3 ~ ×3+ 2T

K K reduce
-

: at → attxm )

At -7

get
Cxr )

dx3tAIFt-dyztdx3tFTqecxn-foAtnreEEnjt1S1daIxydaJ-Rdx3datXsdEJFIxyFT-okIdqIqdyeJtRdx3FtxsFtIntegratex3togetnfjEImttsdatxsdoiT-frImt.deElxsdqp-RzImz@EtxlsFT-RezgFt.d

yet



Now duolize the 3D gauge
field FI

to a periodic scalar
.

This is a
kind

of Fourier transform :

f dF±dym± exp } if-

RzImt⇐ FEET

tri

f¥@q±
. Retooled ) }

Integrating out Cfm
,

,=
recovers previous

Theory :
It says Et is a

closed

2 form with integer periods .

On the other hand we could instead

integrate out EI using a Gaussian

integral .

Stationary point

= IJ

F- I
 

= - Rt(Im⇒ @qs- Reeskdyek )
plug in and get above action Td



So : Further Compact fiction of the class

S theory to 3D gives a 5- model with

8 supersymmetries with HK target :

£ - My
On the other

f ut
hand

,
from the

D4 - brane perspective
U d) B we n¥ know that

M should be MH .

Summaryuc
N ) (2,0 ) on

aeaekayi
" "

2×sk×€←ard )

u

d=4 class S UCNISymon C
theory Say ,GD] Moduli of vacuaa MH

fR→o fared )→o

Hko - model HK a- model
it '2→Msw

=

M "2→Mµ



Of course the sf metric will get

quantum comedians from BPS particles .

This Vacuum geometry
should work

at all R and for this quantity ,

effectively
Twsxsk =D4/w

,

This is why
the exact HK metric

on Hitchin moduli
space

is exponentially
close to the s £ metric ( for lager )
and can

,
in principle

,
be computed

exactly fallowing the procedure in

Gaiolto
- Moore

. Neitzke
, 0807.4723

.


